The ready availability of very strong permanent magnets in the form of rare-earth magnetic alloys such as neodymium-iron-boron has lead to renewed interest in one of the oldest types of electric motors -the homopolar motor. The ease with which a demonstration homopolar motor can now be built and operated when neodymium magnets are used is quite remarkable. In this paper some simple homopolar motors employing neodymium magnets suitable for demonstrational purposes are described and discussed. Keywords: homopolar motor, homopolar roller, neodymium magnets, driven wheel, Lambert W function.
Introduction
The importance and use of carefully selected demonstration experiments in the teaching of physics should not be underestimated.
Cliff Swartz, the highly regarded American teacher of physics writes that "Physics instruction without demonstrations is like dinner without food" [1] . Pedagogically, demonstration experiments provide those we teach with an opportunity to gain and develop basic familiarity with a range of physically important phenomena [2] . Often it is those demonstrations performed with the simplest of equipment using arrangements easily and readily understood that are most likely to be long remembered.
Simple electric motors are always sure to please. First invented in 1821 by the famous nineteenth century English scientist Michael Faraday (1791-1867), he built a type of electric motor which nowadays is referred to as a homopolar motor [3] . In essence such a motor consists of a conducting disc in the neighbourhood of a permanent magnet that is free to rotate. 2 A source of direct current is then allowed to pass through two arbitrary points on the disc. A well-known early example of such a motor, which until quite recently was a familiar demonstration apparatus in many physics laboratories, was the Barlow Wheel [4, 5] , first conceived and built by Peter Barlow (1776-1862) in 1822 [6] .
In contrast to most dc motors found today where commutators are used to reverse the direction of current flow in order to maintain continuous rotation, a homopolar motor is able to produce continuous rotation without the need for any such reversal in current. In fact, it is the only known example of a true direct current motor and it is from its very means of operation the motor takes its name. Since the motor requires only the same electric polarity for its operation, the Greek root homos, meaning 'same', used in a combining form with polarity leads to the term homopolar. Occasionally a homopolar motor in English may also be referred to as unipolar for similar etymological reasons.
The cheap and ready availability of very strong permanent magnets in the form of rare-earth magnetic alloys such a neodymium-iron-boron (NeFeB) -so-called neodymium magnets -has revived interest in the design and development of ever simpler forms of this very old motor. The aim of this paper is to describe and explain several of these recently proposed homopolar motors that teachers and lecturers of introductory-level physics may consider using to demonstrate the so-called motor effect. Particular attention is paid to an intriguing little motor I shall refer to as a homopolar roller. Here a simple, non-trivial modification briefly pointed out by the author [7] to the design of a recently proposed homopolar roller [8] is expanded upon. An analysis of the dynamics of the roller is also presented here for the first time.
A simple homopolar motor
Based on a modification first suggested by Strickler [9] , replacement of the conducting disc used in a homopolar motor with a conducting disc that produces a magnetic field of its own allows for a surprising simplification with which a homopolar motor can be built. Recently, interest in this very old form of motor was revived when very strong neodymium disc magnets were used in place of substantially weaker alnico (aluminium-nickel-cobalt) permanent disc magnets for the conducting disc of the motor [10, 11] .
In its most recent form one side of a small neodymium disc magnet is stuck to the level head of a ferromagnetic screw. The screw, in turn, becomes magnetised owing to the strength of the neodymium magnet. The pointy end of the screw can now be stuck to the bottom terminal of a 1.5 V D-cell battery where it hangs freely under gravity since the battery's casing is ferromagnetic and provides a very low friction connection between the hanging magnet and the battery. If one end of a copper wire is pressed against the top terminal of the battery using your finger, brushing the other end of the wire against the rim of the disc magnet completes the circuit and not only causes current to flow but leads to a spinning in the disc (see Fig. 1 ). With its elegantly simple arrangement and a total of four components used, one has to ask is this not the simplest motor in the world? Understanding what causes the disc to rotate provides students with an excellent example of the application of the right-hand rule used to determine the direction a magnetic force acts on a current-carrying conductor in the presence of an external magnetic field. Referring to Fig. 2 , on brushing the wire up against the outer periphery of the disc, current flows from the rim to the central connection point at the head of the attached screw. As the disc magnet itself now takes on a current-carrying function, a Lorentz force acts tangentially to the inwardly flowing radial component of the current in accordance with the right-hand rule. The resultant torque causes the disc to spin about its attached axle (for directions, refer to Fig. 2 ). Two surprising features of the motor are sure to amaze onlookers -the readiness with which the disc magnet rotates, and the size of the final rotation speeds achievable. From the arrangement shown in Fig. 1 , twenty seconds after closing the circuit with the connecting wire speeds in excess of 5000 rpm are typical. Both the above features are possible since neodymium magnets have remnant magnetic field strengths close to their surface significantly larger than those found in ordinary alnico magnets.
3 Attempting to spin an alnico disc magnet of similar size using an arrangement identical to that shown in Fig. 1 is simply not possible, despite the size of the very large currents which flow in the almost resistanceless circuit, because of their substantially weaker surface magnetic field strengths.
It is important to recognise that the disc magnet will only rotate provided it is mechanically decoupled from the closing wire as relative motion between the two is necessary [13] . Brushing the wire up against the rim of the disc magnet allows the latter to slide pass the former whilst maintaining electrical contact between the two. To show relative motion between the two is necessary for rotation to occur, one end of the connecting wire can be permanently attached (by either taping or soldering it) to the rim of the disc magnet. On completing the circuit no initial start-up motion in the freely hanging disc magnet is ever observed.
A number of modifications to the above arrangement are possible and seem to be limited only by the imagination and ingenuity of teacher and student alike. One such arrangement is a simple upright version [14] . Here a spherical neodymium magnet is used in place of the disc magnet. The magnet is set spinning on the top terminal of a battery on closing the circuit with a handheld wire. With suitable modification it is also possible to change the basic elements of the motor which actually rotate. In one refinement, the connecting wire rather than the disc magnet can be made to rotate [15, 16] . In another, both the battery and the disc magnet rotate while a connecting copper wire frame in the form of a tripod remains stationary [17] . The latter two refinements result in an operation of the motor which is completely hands-free.
A simple homopolar roller
A more recent incarnation of the homopolar motor using neodymium magnets is of the rolling type -a type herein referred to as a homopolar roller. While not a completely new idea in itself [18, 19] , it was Sugimoto and Kawada who showed most elegantly how the former spin of the simple homopolar motor could be made to roll [8] . This was achieved by sticking two neodymium disc magnets to either terminal of an AA battery. The electric circuit was then completed by placing the entire arrangement onto a flat conducting surface (or conducting rails) from where it was observed to roll. Torques act on each of the disc magnets in a manner identical to those described previously with the exception that the conducting surface replaces the connecting wire. In order to get both of these torques to act in the same sense it is necessary to orientate each end magnet so that like poles face one another.
As ingenious as Sugimoto and Kawada's homopolar roller is, it suffers from two significant drawbacks. Firstly, getting the double disc magnet and battery arrangement to roll over a conducting surface is difficult since one needs to ensure good electrical contact between the two. For suitable contact chemical polishing of the surface was found to be necessary. Secondly, once the roller is in motion, final rolling speeds attainable are significantly impeded by the effects of magnetic breaking resulting from eddy currents induced within the conducting surface itself.
Problems associated with ensuring good electrical contact and avoiding unwanted magnetic braking effects can both be overcome if the arrangement were to roll over a non-conducting surface. If the circuit between the rims of the disc magnets is completed using a short, non-ferromagnetic connecting U-shaped wire, sufficient electrical contact between the upper rim of each disc magnet and the wire can be maintained as its rolls by moulding either of its ends into an arc of a circle (see Fig. 3 ). As the circuit is now complete, current flows over the ends of the disc magnets and results in magnetic forces acting on either wheel. Provided the connecting wire is placed on the side of the roller behind its forward direction of motion, the resultant torques which act on each wheel cause the double disc magnets and battery to roll off with the U-shaped wire trailing behind. On a smooth, flat surface the homopolar roller can roll at a comfortable walking pace over a reasonable distance before the connecting wire becomes dislodged. On connection, the U-shaped wire experiences a downwardly directed magnetic force as one has a current-carrying wire in the presence of an external magnetic field. This force tends to help hold each end of the connecting wire onto the rims of the disc magnets as the arrangement rolls. For all current, magnetic field, and magnetic force directions in the roller arrangement refer to Fig. 4 .
As with the simple homopolar motor, relative motion between the disc magnets and the connecting Ushaped wire in the homopolar roller is maintained as the arrangement rolls. Free rotation in the U-shaped wire, is, however, prevented by the floor while free rotation in the disc and axle combination is possible. For insufficient traction between the surface and the lower rims of the disc magnets, slippage will occur and the wheels of the driven roller can be made to spin on the spot. If rolling of the homopolar roller is prevented by anchoring it to the floor, placing the connecting wire on the forward side of the roller if unanchored, allows the equal but opposite torque which acts on the connecting wire to be observed. For a sufficiently short connecting wire such a placement leads to the wire being swung through, in dramatic fashion, from one side of the roller to the other side. If a rechargeable AA Nickel-Cadmium (NiCd) battery is used instead of a normal non-rechargeable alkaline cell battery, much higher currents can be delivered into a short circuit (of the order of 10 A for the former compared to 5 A, and then only briefly, for the latter). Higher sustained currents lead to greater sustained torques. With such a substitution in battery the homopolar roller tends to roll faster over a flat surface, though the connecting wire was found to dislodge far more readily. More interestingly, the roller could be made to roll up an incline. Rolling up inclines with inclination angles as large as 5
• were possible. At inclination angles close to 5
• it may be necessary to give the roller a small push to start it off since relative motion between the disc magnets and the connecting wire is necessary before it can roll.
Guala-Valverde has suggested that closing the circuit in the homopolar roller using a moulded U-shaped connecting wire is more than a trivial modification it may at first appear to be [20] . Compared to the roller described by Sugimoto and Kawada, use of a U-shaped connecting wire for the roller provides a configuration that is particularly suited to the verification of Newton's third law as applied to electromechanical engines since it allows the fundamental action-reaction torque pairs acting between the connecting wire and the disc magnets to be readily observed.
Dynamics of the driven wheel homopolar roller
A complete analysis leading to a calculation for the torques which act on each disc magnet in the roller configuration is no easy task. In particular, the path followed by the current as it flows through an extended conductor such as the disc magnet is not well defined. In what follows a simplified analysis for the dynamics of the homopolar roller whose dominant contribution to the torques arise from radial current flows over the surface of the disc magnets is presented. Consider a disc magnet of mass M and radius r. Assume the path followed by the current as it passes through the disc magnet is over its surface. Furthermore, all current will be assumed to flow along straight line paths. Thus current flows horizontally from the upper rim to the edge of the disc and then radially inwards towards the centre of the disc. The total torque which acts on the disc magnets is therefore taken to be dominated by a surface radial flow of current inwards towards the centre of the disc.
For a steady current i flowing along an element of conductor dl directed along the direction of current flow and in an external magnetic field B, the total force acting on each element is [21] 
( 1) The total force on the conductor is obtained by integrating along the path C followed by the current
while the total torque acting on the conductor is
Here r is a position vector directed from the origin to the current element. Consider a right-handed Cartesian coordinator system with unit basis vectors e x , e y , e z whose origin is centred at the centre of the disc. If the xy-plane lies on the inner surface of the disc magnet, aligning the radial path followed by the current with the y-axis one can immediately write dl = −dy e y and r = y e y . Furthermore, if the magnetic field at the surface of the disc magnet is assumed to be uniform and normal to the surface, B = B e z . Since the current follows along a straight line path given by the positive y-axis, from Eqs. (2) and (3) one has for the total magnetic force
and the total torque
for each disc respectively. Once the disc is rotating a back emf in the motor resulting from a changing magnetic flux through the rotating disc will be set up. The size of the current flowing in the closed circuit therefore reduces over time and approaches some fixed value whose size depends on the speed of rotation of the disc. The size of the induced emf set up between the centre and rim of a disc rotating with angular speed ω in a constant external magnetic field can be found from Faraday's law. Its value is [22] 
The current flowing in the closed series circuit formed by the double disc magnet arrangement can therefore be expressed as
Here V is the voltage across the terminals of the battery while R is the total resistance in the circuit.
Proceeding with an analysis of the dynamics for the roller one recognises the homopolar roller forms a driven wheel system. Here each wheel formed by the disc magnets is driven by a magnetically produced torque such that the two wheels and axle (battery) roll off together in unison about the system's axis of symmetry. Approximating the homopolar roller as a rigid system consisting of two uniform discs (the magnets) connected concentrically to a third, slightly smaller but longer uniform cylinder (the battery), since the arrangement rotates about its axis of symmetry the moment of inertia for the system will be
Here m b and b are the mass and radius of the battery respectively. For a driven wheel which rolls without slipping, the surface exerts a frictional force on the wheel in the same direction as the direction the wheel rolls. If the effects of rolling friction are ignored, from Newton's second law, for translational centre of mass motion along the horizontal one has
Here f is the frictional force exerted by the surface on each of the wheels, a is the acceleration of the centre of mass of the roller whilef is the frictional force exerted by the connecting wire on the upper rim of each wheel and is assumed to act in the horizontal direction. From the rotational form of Newton's second law, for rotational motion about the axis of symmetry of the roller one has
Here α is the angular acceleration of the roller. Finally, for rolling without slipping the linear and angular accelerations are related by
Upon eliminating α from Eq. (10) and solving Eqs. (9) and (10) simultaneously for a one finds
where we have defined
Using Eq. (7) to eliminate the current from expression (12) , one arrives at a = Br
Here the non-slip condition of v = rω has been used, v being the linear speed of the centre of mass of the roller.
Initially the roller is taken to be at rest. Since a = dv/dt, on separating and integrating Eq. (14) the linear speed of the centre of mass of the roller as a function of time can be expressed as
Here
corresponds to the terminal speed of the roller while
is identified as a time constant for the system since it has the dimensions of time. Equation (16) imposes an upper bound on the size of the frictional forcef that can be applied to each rim of the roller if it is to move. For rolling to occur one requires v t > 0. Hencef
Since v = dx/dt, the distance x travelled by the roller as a function of time is found on separating and integrating Eq. (15) . Doing so yields
Equation (19) can be used to estimate the distance travelled by the roller in a given time. Experimentally it is however far easier and more accurate to measure the time taken by the homopolar roller to roll over a fixed distance. It is therefore more useful to express Eq. (19) in terms of the time taken as a function of distance travelled. Even though Eq. (19) is traditionally thought of as a transcendental equation, recently it has become possible to solve such equations in closedform in terms of what is now known as the Lambert W function [23] .
The Lambert W function, W(x), is defined to be the inverse of the function y = xe x . It is a rapidly emerging 'implicitly' elementary function of mathematical physics which is being applied with increasing frequency to a range of problems [24] and is included as an in-built library function in many computer algebra systems. 5 The Lambert W function therefore solves the transcendental equation
When x is real, Eq. (20) can have either two real solutions W 0 (x) (defined to be the principal branch, and satisfies W(x) ≥ −1) and W −1 (x) (the secondary real branch, and satisfies W(x) ≤ −1) for −1/e ≤ x < 0, one real solution W 0 (x) for x ≥ 0, or no real solutions for x < −1/e. Setting µ = x/v t + τ , on rearranging terms Eq. (19) can be written as
Since Eq. (21) is now exactly in the form of the defining equation for the Lambert W function, on solving for the time t one has
Note that the principal branch is chosen since physically the time must be positive. For the homopolar roller used, the disc magnets had mass M = 2. The resistance between the centre and the middle of the rim of the disc magnet was measured to be about 0.3 Ω. If the U-shaped wire is considered to be of negligible resistance compared to the disc magnet, the total resistance of the circuit is about R ∼ 0.6 Ω since the two disc magnets are connected in series with one another. Taking the magnetic field strength at the surface of the disc magnet to be about 1 tesla, then τ ∼ 199 s. Finally, for the AA alkaline battery used, V = 1.5 V.
As a first estimate, ignore the frictional force between the connecting wire and the upper rim of the disc magnet. Thusf = 0 and v t = 150 m s −1 . When the roller was allowed to roll over a fixed distance of 2.1 metres, times in the neighbourhood of 4 seconds were recorded. On the other hand, Eq. (22) predicates a time of t ∼ 2.4 s, a result surprisingly close to that observed. Inclusion of a non-zero frictional forcef would lengthen the time taken for the roller to travel the fixed distance.
As a check on the self-consistency of the model, from the parameters given above an upper bound on the size of the frictional force predicated by Eq. (18) isf 1.9 × 10 −2 N. On the other hand, using the experimentally measured times of t ∼ 4 s for the roller to roll a distance of x = 2.1 m, an estimate for the size of the frictional force present leads tof ∼ 1.2 × 10 −2 N, a value well within the limit imposed by the upper bound if rolling is to occur.
Conclusion
Physics is hard, its concepts are difficult, not obvious, and often seem to be counter-intuitive. Simple demonstration experiments are one epistemic tool teachers of physics can use to counter such perceptions. In this paper two simple homopolar motors relying on strong neodymium permanent magnets suitable for demonstrational use in an introductory-level physics course have been described and a brief analysis accompanying the dynamics of the driven wheel homopolar roller developed. Each is sure to engage and intrigue students and colleagues alike.
